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8 POLYNOMIAL HULL OF A TORUS
FIBERED OVER THE CIRCLE
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2
Abstract. Given a 2-sheeted torus over the circle with winding number 1, we
prove that its polynomial hull is a union of 2-sheeted holomorphic discs. Moreover
when the hull is non degenerate its boundary is a Levi-flat solid torus foliated by
such discs.
0. Introduction.
Let M be a totally real torus in C2. We are interested in the structure of its
polynomial hull Mˆ . We specialize in the situation where M sits in the vertical
cylinder S1 × C over the unit circle. We suppose moreover that the vertical
projection π restricts to a submersion from M to S1. Its fibers Mz are n curves
moving around smoothly when z winds around S1. For short we speak of a n-
sheeted torus. In Mˆ there is a trivial part Y = Mˆ |S1 over the circle. It consists in
filling in the curves ofMz. So Y is a solid torus (diffeomorphic to S
1×D2) fibered
over the circle with fibers Yz consisting in n discs. Call it the vertical filling of M .
Note that Mˆ = Yˆ . We want to describe the rest of Yˆ , the part Yˆ |D over the open
unit disc D.
When the torus is 1-sheeted the situation is well understood thanks to works
by Forstneric [9] and Slodkowski [12]. Namely Yˆ |D (when non empty) consists in
a union of holomorphic discs with boundary in M which are graphs over D. For
short we speak of 1-sheeted discs. If moreover Yˆ |D is non degenerate (not reduced
to a single disc) then its boundary ∂Yˆ |D is a Levi-flat solid torus foliated by such
discs, bounding M . We call it the (horizontal) filling of M .
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In this paper we take up the next simplest case, namely when the torus is
2-sheeted. Define its winding number w(M) as follows. Take a section of Y , a
continuous map γ : S1 → Y of the form γ(z) = (z2, α(z)). Then w(M) (necessarily
odd) is the winding number of α(z) − α(−z) around 0. Here is our result which
parallels the 1-sheeted case (see also [14] for a particular case).
Theorem. Let M be a 2-sheeted torus with w(M) = 1. Then Yˆ |D (when non
empty) consists in holomorphic discs with boundary in M which are 2-sheeted over
D. When Yˆ |D is non degenerate (not reduced to a single disc) then its boundary
∂Yˆ |D is a Levi-flat solid torus foliated by such discs, bounded by M .
Here a 2-sheeted disc is a holomorphic map f : D → C2 such that π◦f : D → D
is a Blaschke product of degree 2. Moreover f extends smoothly up to ∂D and
f(∂D) ⊂ M . We again call the solid torus obtained in the non degenerate case
the (horizontal) filling of M .
The proof of the theorem goes by a continuity method as for the 1-sheeted case.
The description of the boundary of the hull requires however a new ingredient, a
surgery process. The rough idea is to start with a big 1-sheeted torus and to shrink
it down to M passing through a singular torus. According to [12] the initial torus
bounds a filling which deforms up to the singular level. We then get graphs with
boundary into the singular torus. The point is that they are touching once by pair
at the boundary. We now make a surgery on the pairs to get a family of 2-sheeted
discs over D. They build a solid torus whose boundary is a new 2-sheeted torus.
Shrinking this torus down to M the filling again follows, giving at the limit either
the filling of M or the degeneracy of the hull.
Our guiding model is (|w2 − z| = t) over S1. For t > 1 we have a 1-sheeted
torus, which becomes singular for t = 1 and 2-sheeted (with winding number 1)
for t < 1. Correspondingly for t > 1 the filling (|w2 − z| = t) over D is foliated by
graphs (w = ±√z + tu) (u in S1), which touch by pair at the boundary for t = 1,
and merge into 2-sheeted discs (w2 = z + tu) for t < 1.
Before entering the details we collect some background.
1. Background.
In this section M stands for a torus over S1, either 1- or 2-sheeted, and Y for
its vertical filling. We also use deformations (Mt) of M among tori of the same
type. Everything is smooth except otherwise mentioned.
a) Polynomial hull.
The polynomial hull Kˆ of a compact set K in C2 is the set of points x such that
|P (x)| ≤ ‖P‖K for all polynomials P (see [13]). The set K is polynomially convex
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if Kˆ = K. In this case K satisfies Runge theorem. Note that any holomorphic disc
with boundary in K (for short attached to K) is contained in Kˆ by the maximum
principle. The fact that Kˆ can be entirely described by such discs is far from true
in general, but it will be the case in our situation.
Oka principle. Geometrically C2 \ Kˆ is a union of algebraic curves which can be
swept out continuously toward infinity. This is the content of Oka principle (see
[13]). It can be localized and translates in our situation as follows.
Consider a continuous family of holomorphic discs (or pairs of discs) (∆t)t∈[0,1]
over D such that ∂∆t ⊂ S1 × C avoids M for all t and ∆0 avoids Yˆ . Then ∆t
avoids Yˆ for all t.
Rational convexity. Replacing polynomials by rational functions we may also
speak of rational hull and rational convexity. It turns out that in our situation
the torus M is rationally convex (see [6]). As it also is totally real (never tangent
to a complex line) it actually becomes lagrangian for a Ka¨hler form ω in C2 (see
[5]), meaning that ω|M vanishes.
b) Holomorphic discs.
We investigate the holomorphic discs attached to M . They automatically are
smooth up to the boundary (see [4]). We are mostly interested in embedded
discs which are 1- or 2-sheeted over D accordingly to M . For short we call them
horizontal discs.
Area. AsM is lagrangian for ω we get a bound for the area of a holomorphic disc
∆ attached to M . Indeed consider a primitive λ of ω. Then area(∆) ≤ C ∫
∆
ω =
C
∫
∂∆
λ. As λ|M is closed this bound only depends on the homology class of ∂∆
in M . This still holds along a deformation of such tori.
Index. Given an oriented loop γ in M we define its index µ(γ) as follows (see
[8],[1], our index is half of Maslov index). Consider a continuous frame (t(x), n(x))
of TxM when x goes around γ. Then µ(γ) is the winding number of det(t, n)
around 0. This makes sense as M is totally real. It only depends on the homology
class of γ. Conversely this class is completely determined by µ(γ) and the degree
of π ◦ γ. For a holomorphic disc ∆ attached to M define µ(∆) as µ(∂∆).
When ∆ is horizontal µ(∆) can also be computed geometrically as follows. Take
a continuous section γ of the interior of Y . Then µ(∆)− 1 is the linking number
of ∂∆ and γ. In other words if γ bounds a disc (not necessarily holomorphic) ∆′
over D then µ(∆)− 1 coincides with the intersection number ∆.∆′.
Deformation. This index µ gives the size of the possible deformations of a
horizontal disc ∆ attached to M (see [8],[1]). Namely nearby horizontal discs
attached to M form a manifold of dimension 2µ−1 when µ ≥ 1. Here we consider
the discs geometrically, moding out their reparametrizations. When µ = 1 these
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discs are actually disjoint. On the other hand when µ > 1 we are able to deform
∆ keeping a prescribed fixed point.
Similar statements hold when we are given a deformation (Mt) of M = M0.
Nearby horizontal discs attached to Mt for small t still form a manifold of dimen-
sion 2µ − 1, smoothly depending on t. When µ > 1 we are able to deform ∆ in
nearby horizontal discs ∆t attached to Mt for small t keeping a prescribed fixed
point.
Uniqueness. When µ(∆) < 1 the disc ∆ is isolated among the horizontal discs
attached to M . It turns out that in this case there is no other horizontal disc
attached to M or even to Y , so ∆ is unique.
If not consider another horizontal disc ∆′ with ∂∆′ ⊂ Y . Suppose first ∂∆′
contained in the interior of Y . Then ∆.∆′ = µ(∆) − 1 < 0 which is impossible
as holomorphic discs intersect positively. In the general case ∂∆′ ∩ ∂∆ is finite.
Now slightly perturb ∆′ in a new holomorphic disc ∆′′ so that ∂∆′′ enters the
interior of Y near the points of ∂∆′∩∂∆ (see [12],[9] for similar arguments). Then
∂∆′′ is homotopic to a section of the interior of Y in S1 × C \ ∂∆. So again
∆.∆′′ = µ(∆)− 1 < 0 which is impossible.
Compactness. Consider a sequence of horizontal discs ∆n attached toM of fixed
index µ. Then the boundaries ∂∆n are in a fixed homology class of M . Hence the
discs ∆n are of bounded area. By Gromov compactness theorem ([10],[11]) after
extracting ∆n converges to a bunch of holomorphic discs ∆∞ ∪i ∆′i attached to
M . Here ∆∞ is horizontal and the discs ∆
′
i are vertical (they project down to
points zi in S
1). We call them the vertical bubbles.
Moreover ∂∆∞∪i∂∆′i is homologous to ∂∆n. So µ = µ∞+
∑
i µ
′
i for the indices.
Note that µ′i ≥ 1 as it is the winding number of the tangent of Mzi (or one of
its components in the 2-sheeted case). Therefore µ∞ ≤ µ with strict inequality in
the presence of vertical bubbles. When µ = 1 bubbles don’t appear. If they did
we would get a horizontal limit of index < 1 contradicting the presence of other
discs attached to M . In this case the convergence is nice (smooth in adequate
parametrizations).
This compactness also holds when we have a deformation (Mt)t∈[0,1] ofM =M0.
Given a family of horizontal discs ∆t attached to Mt for t < 1 and of fixed index
we get a limit ∆1 ∪i ∆′i attached to M1 with the same features.
Persistence of intersection. The first form is classical. Let ∆n be a sequence of
holomorphic discs converging to a holomorphic disc ∆ (or a bunch of holomorphic
discs). Suppose ∆ has an interior intersection with an algebraic curve C. Then
∆n ∩ C 6= ∅ for large n.
The second form takes into account the boundary intersections. Let ∆,∆′ be
distinct horizontal discs attached toM such that ∆∩∆′ 6= ∅. Suppose that ∆ = ∆0
deforms in a continuous family of discs ∆t attached to M . Then ∆t ∩∆′ 6= ∅ for
t small.
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This holds true even if the only intersections between ∆ and ∆′ are contacts at
the boundary. They create interior intersections for small t > 0. Actually this can
be quantified. We may define an interior intersection number i and a boundary
intersection number b between ∆ and ∆′. Then b + 2i is deformation invariant
(see [15]).
c) Filling.
A (horizontal) filling of M is a solid torus Σ bounded by M and foliated by
horizontal discs. Note that they necessarily are of index 1.
Generation. Conversely given a horizontal disc ∆ with µ(∆) = 1 then it gener-
ates a filling.
Indeed use local deformations and compactness to build a smooth family of
horizontal discs of index 1 (∆t)t∈[0,1], starting with ∆0 = ∆, developing on one
side of ∂∆ on M at the boundary and ending with ∂∆1 touching ∂∆ from the
other side for the first time. We claim that ∆1 = ∆0 so we get the filling. If not
by persistence of intersections the contact would propagate back to ∆t ∩∆0 6= ∅
for small t, contradicting the disjointness of local deformations of discs of index 1
(see [7],[3] for similar arguments).
Deformation. Given a deformation (Mt) of M = M0 and a filling Σ0, then Σ0
deforms in a filling Σt of Mt for small t (see [2]). Moreover if the Mt foliate a
neighborhood of M in S1 × C then the Σt also foliate a neighborhood of Σ0 in
D ×C.
Let now (Mt)t∈[0,1] be a decreasing deformation, meaning that the Yt decrease
and theMt foliate Y0\Y1. Suppose we have a corresponding deformation of fillings
(Σt)t∈[0,1] such that Σ0 = ∂Yˆ0|D. Then Σt = ∂Yˆt|D for each t.
Indeed on one hand Σt ⊂ Yˆt by the maximum principle. On the other hand
the Σt′ foliate a 1-sided neighborhood of Σt for t
′ < t and are outside Yˆt by Oka
principle.
Uniqueness. When ∂Yˆ |D is a filling Σ of M then it is unique. Actually there is
no other horizontal disc of index 1.
If not consider such a disc ∆ distinct from the discs ∆t foliating Σ. Note that
∂∆ and the ∂∆t are homologous, as the discs are horizontal of the same index. As
the ∂∆t foliate M this forces a contact between ∂∆ and one ∂∆t. We then get an
interior intersection between ∆ and a nearby ∆′t by persistence of intersection. In
other words ∆ crosses Σ over D. But this impossible as ∆ ⊂ Yˆ and Σ = ∂Yˆ |D.
Compactness. Consider a decreasing deformation (Mt)t∈[0,1] with a correspond-
ing deformation of fillings (Σt) for t < 1. Suppose that Σ0 = ∂Yˆ0|D. Then either
Σt converges to a filling Σ1 of M1 such that Σ1 = ∂Yˆ1|D, or Yˆ1|D is degenerate, it
reduces to a single horizontal disc.
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Indeed take a sequence of discs ∆tn ⊂ Σtn when tn → 1. After extracting
it converges toward a bunch of discs ∆ ∪i ∆′i, where ∆ is horizontal and the
∆′i are vertical bubbles. If bubbles do appear then µ(∆) < 1 so ∆ is the only
horizontal disc attached to M1. There is no other possible horizontal limit of such
sequences, so Σt = ∂Yˆt|D shrinks down toward ∆. Hence Yˆ1|D = ∆ and the hull
is degenerate. When there is no bubble in the limit then µ(∆) = 1. It generates
a filling Σ1 which can be deformed back in fillings Σ
′
t of Mt for t close to 1. By
uniqueness Σ′t coincides with Σt. So Σt converges to Σ1.
The 1-sheeted case. We end up by sketching the main part of Slodkowski
theorem (see [12]). Let M be 1-sheeted with Yˆ |D 6= ∅. Then either ∂Yˆ |D is a
filling or Yˆ |D is degenerate.
Indeed construct a decreasing deformation (Mt)t∈[0,1] from M0 = S
1 × RS1
(R large) to M1 = M . Note that M0 has a trivial filling Σ0 = D × RS1 which
coincides with ∂Yˆ0|D. Also note that Yˆt|D is non degenerate for t < 1 as Y sits in
the interior of Yt. Hence using local deformations and compactness we construct
a global deformation of fillings (Σt) of Mt for t < 1. Passing to the limit we get
the alternative.
2. Proof of the theorem.
From now on M stands for a 2-sheeted torus with w(M) = 1, Y is its vertical
filling and we assume Yˆ |D 6= ∅.
We start by the part concerning the boundary of the hull.
a) Boundary of the hull.
We prove that either ∂Yˆ |D is a filling Σ of M or Yˆ |D is degenerate.
We first sketch the argument. In what follows the geometric constructions
take place over S1. We modify the model of the introduction to get a smoothly
immersed singular torus.
Sketch. The first step is to construct an immersed 1-sheeted torus N out of M .
For this we glue to Y a Mo¨bius strip B. Then we smooth out the corners to get a
set Z and put N = ∂Z. It is a 1-sheeted torus pinched along B. By [12] we have
a filling of N . It turns out that its holomorphic discs intersect by pairs along the
core γ of B.
The second step is to make a surgery on a pair of such discs to create a 2-sheeted
holomorphic disc ∆. Then we insert ∂∆ into a new 2-sheeted torus M ′ obtained
by opening up Z along a neighborhood of γ, thickening what remains and taking
the boundary. It turns out that µ(∆) = 1 so ∆ generates a filling of M ′.
The third step is to deform back M ′ to M . This builds a deformation of fillings
which ends up with the desired filling Σ or the degeneracy of the hull.
Before entering the details we need a reduction.
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Reduction. The situation reduces to the case where Y winds once around the
constant disc ∆0 = (w = 0). In other words Y avoids ∆0 and if (z
2, α(z)) is a
continuous section of Y then the winding number of α(z) around 0 is 1.
Actually it is enough to exhibit a holomorphic disc (z, f(z)) around which Y
winds once. We may then apply the automorphism (z, w) 7→ (z, w−f(z)) of D×C
to get the reduction. This disc is obtained thanks to Slodkowski theorem [12].
For this consider a 2-sheeted disc ∆ = (w2 = Rz) with R large so that ∂∆
avoids Y by far. Glue to ∂∆ a Mo¨bius strip avoiding Y . So in each fiber we
connect the 2 points of ∂∆ by an arc avoiding the 2 components of Yz. Moreover
if we take continuous sections (z2, α(z)) of Y and (z, β(z)) of the Mo¨bius strip we
want the winding number of α(z) − β(z2) around 0 to be 1. This can be done
because w(M) = 1. Now thicken slightly the Mo¨bius strip and take the boundary.
We get a 1-sheeted torus with a non degenerate hull. Therefore we have plenty of
1-sheeted discs with boundary in it (see [12] or §1 c)). By construction Y winds
once around them.
Constructing N . From now on we suppose that Y winds once around ∆0. After
dilation we may suppose Y ⊂ (|w| > √2). We glue to Y a Mo¨bius strip B which is
standard in (|w| ≤ √2). There B = (w2 = tz), (z ∈ S1, t ∈ [0, 2]). So in each fiber
we connect the 2 components of Yz by an arc Bz. Then we smooth the corners
of Y ∪ B by thichkening it sligthly except in (|w| ≤ 1). Call the resulting set Z.
In each fiber Zz looks like a smooth dumbbell. Take N = ∂Z. It is a smooth
1-sheeted torus pinched along the standard Mo¨bius strip in (|w| ≤ 1). Denote by
γ = ∂∆0 the core of B. Note that the algebraic curve C = (w
2 = 2z) intersects Z
in its interior.
Filling. We verify that N has a filling.
For this consider a decreasing deformation (Nt)t∈[0,1] from a big standard torus
N0 = S
1 × RS1 to N1 = N . According to [12] Nt has a filling Θt = ∂Nˆt|D for
t < 1. We claim that Θt smoothly converges when t → 1. Actually if we take a
sequence of holomorphic discs ∆t ⊂ Θt then vertical bubbles do not appear at the
limit.
Indeed if there were such a bubble over a point z ∈ S1 it would fill out a bounded
component of the complement of Nz in the fiber. In particular its interior would
intersect C. We would still have ∆t ∩ C 6= ∅ for t close to 1 by persistence of
intersection (see §1 b)). But this is impossible as ∆t ⊂ ∂Nˆt and C|D sits in the
interior of Nˆt. Therefore passing to the limit we get a filling Θ of N made out of
1-sheeted discs ∆ of index 1.
Boundary of the filling. We analyze now the boundaries ∂∆ on N .
For this we parametrize N by the standard torus T = S1×S1 via an immersion
(which is 2 to 1 precisely where N is pinched). By construction the boundaries
∂∆ lift on T as a foliation. We also lift γ by doubling it.
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Homologically ∂∆ cuts γ once in T . This can be checked in the model situation
where the ∂∆ correspond to the constant discs (w = u), u ∈ S1 and γ to (w2 = z)
(as indices and degrees for π agree). The point is that ∂∆ and γ intersect exactly
once geometrically.
If not as the ∂∆ foliate T we would get a contact between one of the ∂∆ and
γ. Looking back in N this would produce an interior intersection between ∆0 and
a neighbor of ∆ by persistence (see §1 b)). It would even persist between ∆0 and
some ∆t for t close to 1. But this is impossible as ∆t ⊂ ∂Nˆt and ∆0 sits in the
interior of Nˆt.
Therefore through each point of γ pass exactly 2 boundaries ∂∆, one for each
side of T pinched in N . Note that they cross γ in opposite directions as the sides
of T come with opposite orientations in the pinching.
Surgery. We focus on the point 1 of γ. Note that B1 ∩ (|w| ≤ 1) = [−1, 1].
Denote by ∆± the 2 discs of Θ whose boundaries cross at 1. Precisely ∂∆+ comes
from above [−1, 1] and ∂∆− from below (before the pinching). These discs are of
the form (z, f±(z)) where f± is holomorphic in D and smooth up to the boundary.
We have f±(1) = 0 and f± does not vanish elsewhere. Moreover if
′
+(1) < 0 and
if ′−(1) > 0.
We put ∆′ = ((w − f+(z))(w − f−(z)) = ǫz) for ǫ > 0 small. Over D it is an
embedded 2-sheeted disc close to ∆+ ∪ ∆−. Moreover ∂∆′ is still contained in
the standard Mo¨bius strip near 1 and avoids γ. It locally looks like a hyperbola
obtained by deforming the cross ∂∆+ ∪ ∂∆−.
ConstructingM ′. Remove a small neighborhood of γ in Z. Then thicken slightly
what remains and take the boundary. We get a 2-sheeted torus M ′′. Each com-
ponent of M ′′z looks like an enlarged component of Mz to which we grafted a thin
needle (with rounded tip) along the main part of half of the arc Bz. The torus M
′
will be obtained from M ′′ by slightly deforming it in order to contain ∂∆′.
This certainly can be done far from 1. Near 1 we deal with the ends of the
needles. At 1 they are horizontal, left and right from 0. Let us take a look at the
right branch of the hyperbola of ∂∆′. Before 1 (for z = eiθ with small θ < 0) we
insert the branch in the bottom boundary of the right needle (we push it slightly
up). At 1 we pass its rounded tip. After 1 ((for z = eiθ with small θ > 0) we
insert the branch in the top boundary of the needle (we push it slightly down).
In particular when we pass the tip we get a negative half turn for µ(∆′) with
respect to M ′ compared to µ(∆±) with respect to N . The same holds for the left
branch of the hyperbola. Therefore µ(∆′) = µ(∆+) + µ(∆−) − 1 = 1. Hence ∆′
generates a filling Σ′ of M ′ (see §1 c)) .
Deforming back to M . Construct a decreasing deformation (Mt)t∈[0,1] from
M0 = M
′ to M1 = M . This can be achieved by resorbing progressively the
needles in each fiber. Denote by Yt the corresponding vertical fillings. We want to
produce a global deformation of (horizontal) fillings starting from Σ0 = Σ
′. Note
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that Yˆt|D is non degenerate for t < 1 as Y sits in the interior of Yt.
Note also that for some definite time (non depending on ǫ), say t < 2δ, the alge-
braic curve C intersects Yt in its interior. As above this forbids vertical bubbles and
gives compactness for fillings if t < 2δ. So by the existence of local deformations
(see §1 c)) and this compactness we get fillings Σt of Mt up to t < 2δ.
Next we claim that Σδ = ∂Yˆδ|D. This follows from Oka principle (see §1 a)).
Indeed consider a disc ∆t ⊂ Σt for t < δ, follow it through the previous fillings
up to a disc of Σ′. The latter deforms inside Σ′ to ∆′ which deforms to ∆+ ∪∆−
by letting ǫ→ 0. Follow this pair through the fillings Θt up to a pair of constant
discs contained in (|w| = R). They clearly avoid Yˆδ. As the boundaries of all these
discs avoid Mδ (for ǫ small) we get that Σt ∩ Yˆδ = ∅. This concludes as the Σt
foliate a 1-sided neighborhood of Σδ.
Starting now from Σδ we are in position to use the compactness result for fillings
as long as Yˆt is non degenerate (see §1 c)). Therefore we extend the deformation
of fillings up to t < 1 by compactness and local deformations. Passing to the
limit either we get a filling Σ = ∂Yˆ |D (absence of bubbles) or Yˆ |D is degenerate
(presence of bubbles).
b) Rest of the hull.
We explain now the presence of a horizontal disc ∆ with ∂∆ ⊂ M passing
through a given point x0 = (z0, w0) ∈ Yˆ |D. Note that by the previous paragraph
we only have to deal with the non degenerate case and we may suppose x0 in the
interior of Yˆ |D. We proceed again by continuity. We construct a 2-sheeted torus
M ′ for which we know the presence of a disc ∆′ passing through x0 and deform it
back to M .
Constructing M ′. Take a 2-sheeted disc ∆′ = ((w − w0)2 = R(z − z0)) through
x0 with R large so that ∂∆
′ avoids Y by far. Glue an annulus A to Y ∪ ∂∆′.
Its fiber Az consists in 2 arcs, each connecting a point of ∂∆
′
z to a component of
Yz. This is possible because w(M) = 1. Then thicken slightly Y ∪A and take the
boundary to get a new 2-sheeted torusM ′ with ∂∆′ ⊂M ′. Each component ofM ′z
looks like an enlarged component ofMz to which we grafted a thin needle reaching
out the corresponding point of ∂∆′z. Note that the index of ∆
′ with respect toM ′
is 3.
Deforming back to M . Construct a decreasing deformation (Mt)t∈[0,1] from
M0 = M
′ to M1 = M . This can be achieved by resorbing progressively the
needles in each fiber. Denote by Yt the corresponding vertical fillings. Note that
Yˆt|D is non degenerate for all t. So we get (horizontal) fillings Σt = ∂Yˆt|D for all
t (see §2 a)).
We want to produce a deformation of ∆′ passing through x0. This can be done
locally as the index of ∆′ is > 1 (see §1 b)). In general denote by I the set of t in
[0, 1] such that there exists a horizontal disc ∆t passing through x0 with ∂∆t ⊂Mt
and µ(∆t) = 2 or 3. Then I is open non empty. It remains to prove that it is
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closed to conclude.
Compactness. Consider a sequence of such discs ∆tn , tn ∈ I, tn → t. After
extracting pass to the limit thanks to Gromov theorem (see §1 b)). We get a
horizontal limit ∆t with the same features except maybe for its index µt. By
construction we have µt ≤ 3. Now if µt < 1 then ∆t would be the only horizontal
disc attached to Mt by uniqueness (see §1 b)). But this is impossible as we have
already a lot of other such discs, those of Σt. If µt = 1 then ∆t would be part of
Σt by uniqueness of the filling (see §1 c)). But this is impossible as Σt = ∂Yˆt|D
and x0 sits in the interior of Yˆt. So µt = 2 or 3 and I is closed.
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